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We theoretically investigate into the effects of the incidence angles in light trans- 
mission of cholesteric liquid crystal two-layer sandwich structures with a twist defect 
created by rotation of the one layer about the helical axis. The conoscopic images 
and polarization resolved patterns are obtained for thick layers by computing the 
intensity and the polarization parameters as a function of the incidence angles. In 
addition to the defect angle induced rotation of the pictures as a whole, the rings 
of defect mode resonances are found to shrink to the central point and disappear as 
the defect twist angle varies from zero to its limiting value 7r/2 and beyond. 
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I. INTRODUCTION 



Equilibrium orientational structures in cholesteric liquid crystals (CLC) are represented 
by helical twisting patterns where molecules on average rotate in a helical fashion about a 
uniform twist axis. These chirality induced helical structures are responsible for distinctive 
optical properties of CLCs that have been the subject of intense studies over the last few 
decades. 

It is well known that, similar to one dimensional (ID) photonic crystals, the ideal CLC 
helix (the planar Grandjean structure) is characterized by a photonic band gap (an optical 
stop band) where the circular polarized light with the helicity identical to the handedness 
of the helix cannot propagate and the selective reflection takes place [T]. 

In the most studied case of normal incidence, where the light is propagating along the 
twist axis (the z axis) of the CLC helix, which is characterized by the director field, d = 
(cos(27r2;/P -|- ^o), sin(27r2;/P -|- 0o),O), (the unit vector giving the direction of preferred 
orientation of CLC molecules) and the CLC pitch, P, the Maxwell equations can be solved 
analytically |21 E]- The well-known result is that the wavelength of light A falls between 
rioP and rif^P in the stop band, where Uo and are the ordinary and extraordinary indices, 
respectively. 

Similar to the case of isotropic photonic materials P], when the one dimensional (ID) 
periodicity of anisotropic helical structures in CLCs is disrupted, there are a number of 
physical effects arising due to the presence of localized modes. For instance, in the reflec- 
tion/transmittance spectral curves of CLCs, the localized modes manifest themselves as 
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peaks and dips that take place for both circular polarizations of incident light and located 
within the selective reflection band gap. 

These modes can be produced within the photonic band gap by a variety of defects such 
as isotropic defect layers [51 Ej, twist defects [H El El [10], variations of the CLC pitch [TTl [T2] 
and local deformations of the CLC helix [T3] . 

Defect modes in CLCs have received much attention because they are known to play the 
key part in photonic devices such as low-threshold lasers [TH [151 [El [E] and polarization 
dependent filters \1S\. But, in the bulk of studies, a major focus of interest is the case of 
normal incidence where the waves propagate along the helical axis, whereas effects due to 
oblique incidence (off-axis propagation) have not yet been adequately explored. In the very 
recent paper p!9], it was found that the defect modes in ID isotropic photonic crystal with 
a defect layer represented by a planar oriented nematic liquid crystal film are very sensitive 
to the variations of the angle of incidence. 

In this Letter we intend to fill the gap and theoretically examine the optical properties 
of the CLC two-layer sandwich structure with a twist defect created by rotation of the one 
layer about the helical axis by the defect angle A0 (see Fig. [T]). The characteristics of the 
transmitted light within the photonic band gap at varying incidence angles and polarization 
of incident wave will be of our primary interest. In particular, we present the results on both 
the standard conoscopic images (intensity patterns) [201 [2] and the polarization-resolved 
angular patterns [221 [23] • 




FIG. 1: Twist defect between two cholesteric helices with the defect twist angle A0. 



II. CLC LAYER WITH TWIST DEFECT 

In our calculations, we assume that the surrounding medium is isotropic and its refractive 
index nm is unity (air), whereas the refractive indices of CLC, Uo = 1.52 and Ue = 1.71, are 
typical of chirally doped liquid crystal mixtures E7 (commercially available from Merck). 
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(b) 

FIG. 2: (a) Spectral curves for the co-polarized transmission amplitudes Tll (thick red 
lines) and Tr/j (thin blue lines) of light normally incident on the CLC layer with the twist 
defect at A0 = n/2 computed at varying cell thickness, D. (b) Transmission amplitudes as 
a function of the twist angle, A0, at P = X/uc and D = 25 fim. Black dotted and green 

dashed lines represent the ellipticity, e, and the polarization azimuth, Az, respectively. 



The value of the CLC pitch, P = Xc/nt, where Ub = {uo + ne)/2, is taken to be at the 
centre of the photonic band gap for normally incident irradiation with a He-Ne laser of the 
wavelength Ac = 633 nm. 

We also restrict ourselves to the symmetric case where the CLC layers are identical in 
thickness, Di = D2 = D. According to Refs. [71 [9], when the thickness changes, the defect 
modes resonances in the transmission spectra of normally incident light transform giving 
rise to the crossover phenomenon related to the two limiting structures: peaks and dips that 
occur in the regimes of thin and thick layers, respectively. This phenomenon is illustrated 



in Fig. 2a which shows the spectral curves for the diagonal elements of the transmission 



matrix, Trr = \t | and Tll = |^++| 



T = = T, . [h - ■ R2] ■ Ti, (1) 

where I„ is the nxn identity matrix; the superscript T indicates the matrix transposition; Tj 
(Rj) is the transmission (reflection) matrix of the ith layer, linking the circular components 
of the incident and transmitted light, E^^^'^^^ = (e'^™'^'^^^ ^ iE^^^'^'^^)/y/2. 



Referring to Fig. 2a the co-polarized transmission amplitude for right-handed circular 
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polarized light, Trr, undergoes the peak-to-dip transition as the thickness increases reaching 
the regime of thick cells, where the defect mode manifests itself as the pronounced dip in 
spectral curves for the coefficient T^l. Since this regime is less studied as compared to the 
case of thin cells, in this work, it will be of our primary concern. So, we deal with sufficiently 
thick CLC layers of the thickness D = 25 ^m. 

Our computational procedure is based on the theoretical approach developed in Refs. [221 
[23] . In this method, the transfer and reflection matrices, T and R, are expressed in terms of 
the evolution operator of the Maxwell's equations rewritten in the 4x4 matrix form giving 
the system for the in-plane components of the electric and magnetic fields combined into 
the vector F = [Ex{z) , Ey{z) , Hy{z) , —Hx{z)) : —idrF = M • F, where r = Kax^z = 27tz/X 
and dr stands for the derivative with respect to r. So, the first step involves computing the 
evolution operator, U, as the solution to the initial-value problem 

-tdrV{T\ro) = M(r) ■ U(r|ro), U(ro|ro) = h, (2) 

where M is the matrix determined by the CLC dielectric tensor, the incidence angle, ^mc, 
and the azimuthal angle of the incidence plane, 0inc (the general expression for M can be 
found, e.g., in [221 [23]). 

For normally incident light with 6'inc = 0, it can be shown that the rotating wave ansatz 
makes the matrix of the system ^ independent of r and thus the evolution operator can 
be found in the closed form. The transmission matrix ([T]) then can be readily calculated by 
using the relation for the 2x2 block structure of the linking matrix 



W = V-i ■ V-\h\0) ■ = [j^,'r^-i ^11^ , (3) 
where h = fcvac(-Di + -D2) and Vm is the matrix of eigenvectors for the ambient medium. In 



Fig. 2a, we used the analytical results to plot the transmission amplitudes, Trr and Tll, in 



relation to the wavelength, A. Dependence of both amplitudes on the defect twist angle Acj) 



depicted in Fig. 2b demonstrates a pronounced dip at A0 = tt/2. This figure additionally 
shows the ellipticity, e, and polarization azimuth, Az, of the transmitted wave computed for 
the left-handed circular polarized incident light, so that e = — + |^-+|) 

and Az = arg (t* t_+)/2. 



As demonstrated in Fig. 2b, in thick CLC cells, the ellipticity remains unchanged, whereas 
the azimuth varies linearly with the defect angle: Az{A(j)) — Az{0) = A0. This behaviour 
results from the fact that, in this regime, the polarization characteristics of the transmitted 
light are independent of the incident wave polarization. From the analytical expressions ([T]), 
it can also be inferred that orientation of the polarization ellipse is determined by the 
azimuthal angle of the CLC director at the exit face, z = Di + 



III. RESULTS AND DISCUSSION 

The case of oblique incidence (off-axis propagation) with 6inc 7^ is not exactly solvable 
and the system ^ has to be solved numerically. In Fig. [3| we present the results of calcu- 
lations in the form of the traditional intensity conoscopic patterns representing the angular 
distributions of the co-polarized transmission amplitude T^l in the plane of observation 
where the polar coordinates, (p, 0) are determined by the incidence angles: p oc tan 6'inc and 
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FIG. 3: (a)-(e) Intensity conoscopic patterns for the co-polarized transmission amplitude 
Tll (left) and distributions of polarization ellipses for LHCP incident light (right) at 
different defect angles: (a) A0 = deg; (b) A0 = 30 deg; (c) Acj) = 60 deg; 
(d) Acj) = 90 deg; (e) A0 = 135 deg. Arrows point to the rings of defect mode resonances, 
(f) Incidence angle of defect mode resonance ring as a function of defect angle. 



(p = 0inc [201 [2ll [23]. Note that the dominating contribution to the transmittance comes 
from this amplitude because, as is evident from Fig. [2| T^^ ^ Trr. 

The conoscopic patterns for the defectless sandwich structure with Acp = representing 
the CLC layer of the thickness Di + D2 = 2D are shown in Fig. [3^. It is well known that 
the selective reflection region shifts to shorter wavelengths (blue shift) as the incidence angle 
6'inc increases [20]. In our case where Ac = 633 nm and A0 = 7r/2, the points are found to 
fall outside the photonic band gap provided the incidence angle is above 40 deg. So, the 
patterns are computed for the solid angle with 6'inc < 35 deg so as to have the images for 
the distributions within the photonic band gap. 

Without the defect there are several known features [20] such as Airy spirals that are 
visible in Fig. [3^. In the corresponding polarization-resolved pattern depicted as the field of 
polarization ellipses, the ellipticity varies smoothly and its value ranges from 0.6 to 0.8. By 
contrast, the polarization azimuth undergoes noticeable changes with the azimuthal angle 
of the incidence plane, 0inc, giving rise to the Airy spirals formed due to rotation of the 
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polarizatiion ellipses. 

Note that the above discussed case of normal incidence corresponds to the centre of 
images. Referring to Fig. |3^-e it can be seen that, for the central polarization ellipse, 
counterclockwise rotation is the only effect caused by the increase in the defect twist angle. 
Clearly, this effect is in agreement with the results presented in Fig. ^jp. Fig. [3^-e show 
that, as opposed to the central ellipse, the conoscopic images and the polarization resolved 
patterns as a whole rotate clockwise with the defect angle, A0. 

In addition to the rotation effect, there are defect mode sharp resonance dips in the 
distribution of the transmission amplitude. These dips form the dark thin rings (circles) 
which are indicated by arrows in the conoscopic images ^jp-d. It can be seen that, at 
small defect angles, the defect mode ring develops near the band gap edge (see Fig. [3|d) 
and it shrinks to the point located at the origin when the defect angle increases reaching 
its limiting value A0 = 90 deg. (see Fig. |3]i). As is shown in Fig. |3^, the defect mode 
resonances disappear at A0 > 90 deg. This effect is additionally illustrated in Fig. |3]F where 
the incidence angle 9^ giving the radius of the defect mode ring is plotted against the defect 
twist angle, A0. The radius is shown to be a monotonically decreasing function of the defect 
angle that vanishes at A0 = tt/2. 

By contrast to the intensity conoscopic images, the polarization resolved patterns appear 
to be insensitive to the presence of the defect mode resonances. So, in these patterns, we 
have the defect induced rotation as the only significant effect. Note that, for normally inci- 
dent incoming light, the analogous results on insensitivity of the polarization characteristics 
immediately follow from the curves shown in Fig. [2]d. 

So, we may conclude that, in the conoscopic patterns of thick CLC cells with twist defects 
at varying defect angle, the most important effects are: (a) the defect angle induced rotation 
of the pictures as a whole and (b) the defect mode ring shrinking to the origin with the defect 
twist angle. 

It should be emphasized that, in thin layers, the patterns are expected to reveal more 
intricate behaviour as their structure will be complicated by additional interference effects. 
These results along with the comprehensive theoretical analysis omitted in this work will be 
pubhshed elsewhere. 
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